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ESTIMATES OF PRODUCTS OF NORMS FOR FLOWS AWAY
FROM HOMOCLINIC TANGENCY
Qianying Xiao
Abstract. We give a detailed proof for the estimates of products of norms for
flows away from homoclinic tangency. The estimates we can prove is weaker
than the expectation of experts.
1. Introduction. Assume X ∈ X 1(M) is away from homoclinic tangencies. φt is
the flow generated by X , ψt is the linear Poincare´ flow. There exists a neighborhood
U of X such that any Y ∈ U has no homoclinic tangencies.
Wen [2] shows that there exist U2 ⊂ U , γ > 0, N > 0, λ > 0, δ > 0, and T > 0,
any Y ∈ U , any periodic orbits orb(x) of Y with period τ > T ,
1. ψτ (x) has at most one eigenvalue with modulo in [(1+δ)
−τ , (1+δ)τ ], i.e. there
exists eigenspace splitting Nx = V s(x)+V c(x)+V u(x) such that V c(x) is the
eigenspace corresponding to the eigenvalue with modulo in [(1+δ)−τ , (1+δ)τ ],
and dimV c(x) ≤ 1.
2. ∠(V s(x), V c(x) + V u(x)) > γ, ∠(V s(x) + V c(x), V u(x)) > γ.
3. The splitting is dominated:
‖ψt|V
s(x)‖‖ψ−t|V
c(φt(x)) + V
u(φt(x))‖ ≤ Ne
−λt,
‖ψt|V
s(x) + V c(x)‖‖ψ−t|V
u(φt(x))‖ ≤ Ne
−λt.
4. Estimation of norms of products:
‖ψτ |V
s(x)‖ ≤ N(1 + δ)−τ ,
‖ψ−τ |V
u(x)‖ ≤ N(1 + δ)−τ .
The above estimates are improved by Wen [3]. In [3, Lemma 3.4], Wen gives
the estimates of products of norms, which are stronger than the previous result.
Wen regards the proofs are standard in Liao’s and Mane’s work( for instance see [1,
Page 528]), and he doesn’t give details of the proofs there. We try to prove it as
an exercise, and it turns out we are not able to prove the Item 2 of [3, Lemma 3.4].
Instead we prove a weaker version, and it works for our purpose to prove Theorem
2.1 of our work [4]. The following ideas of Liao: minimal nonhyperbolic set, (local)
star flows and the Selecting lemma, which are stressed by Wen extensively, help us
to avoid a direct use of the non-proved estimates.
Proposition 1. There exists neighborhood U3 ⊂ U2 of X, 0 < λ1 < 1, T ′ > 0, any
Y ∈ U3, any periodic point x of Y with period τ > max{T, T ′}, any partition of
[0, τ ]:
0 = t0 < t1 < · · · < tℓ = τ
1
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such that ti+1 − ti ≥ T ′ for 0 ≤ i ≤ ℓ− 1, the following are satisfied: either
ℓ−1∏
i=0
‖ψti+1−ti |V
s(φti)‖ ≤ Nλ
τ
1 ,
or
ℓ−1∏
i=0
‖ψti−ti+1 |V
s(φti+1)‖ ≤ Nλ
τ
1 ,
2. The proofs. Let us give the details of estimating the products of norms. For
the sake of completeness, let us insert a well-known fact in linear algebra. Let En
denotes the n-dimensional Euclidean space. A : En → En is a linear map.
Lemma 2.1. [1, Page 528] Any ǫ > 0, v ∈ En with ‖v‖ = 1, there exist Q : En →
En such that ‖Q− id‖ ≤ ǫ, and that ‖A ◦Q(v)‖ ≥ ǫn−
3
2 ‖A‖.
Proof. Let {e1, · · · , en} be an orthonormal basis, v = (v1, · · · , vn). We may as well
assume |v1| ≥ n−
1
2 ‖v‖.
aji = (Aei)j such that
‖A‖ ≤ n
1
2 ‖Aei‖ ≤ n|aji|
.
Q : En → En such that Q(e1) = e1+ǫtei, t = 1 or −1, and Q(ek) = ek for k > 1.
Obviously ‖Q− id‖ ≤ ǫ.
‖A ◦Q(v)‖ ≥ |(A ◦Q(v))j | = |(A(v))j + ǫtajiv1|.
Choose t such that (A(v))j · ǫtajiv1 ≥ 0, then
‖A ◦Q(v)‖ ≥ ǫ|ajiv1| ≥ ǫn
−
3
2 ‖A‖.
Proof of the Proposition. Let ǫ > 0, U3 ⊂ U2 be determined by Frank’s lemma. K
is an upperbound of ‖ψYt ‖ for Y ∈ U3, 1 ≤ t ≤ 2.
ǫ′ = ǫK−1, ǫ1 > 0 such that
1 + γ
γ
2ǫ1 < ǫ
′.
T ′ >
3
2 lnn− ln ǫ1
ln(1 + 12δ)
.
Given any Y ∈ U3, any periodic point x of Y with periodic τ ≥ max{T ′, T }, any
partition of [0, τ ]:
0 = t0 < t1 < · · · < tℓ = τ,
such that ti+1 − t1 ≥ T ′ for 0 ≤ i ≤ ℓ− 1.
Case 1 Assume dim V c(x) = 1. Denote Nφti (x) as Ni, V
σ
φti (x)
as V σi for σ = s, c, u,
i = 0, · · · , ℓ− 1.
Define Q1 : N1 → N1 such that Q1|V c1 +V
u
1 = id, Q1(V
s
1 ) = V
s
1 , ‖Q1|V
s
1 −
id‖ < ǫ1, v1 ∈ V s1 such that ‖v1‖ = ‖ψt1 |V
s(x)‖, and
‖ψt2−t1 ◦Q1(v1)‖ ≥ ǫ1n
−
3
2 ‖ψt2−t1 |V
s
1 ‖‖ψt1 |V
s(x)‖.
Moreover, ‖Q1 − id‖ <
1+γ
γ
ǫ1 < ǫ
′.
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Similarly, we can define Q2 : N2 → N2 such that ‖Q2 − id‖ < ǫ′, Q2|V c2 +
V u2 = id, Q2(V
s
2 ) = V
s
2 , and that
‖ψt3−t2 ◦Q2 ◦ ψt2−t1 ◦Q1 ◦ ψt1 |V
s(x)‖
≥ (ǫ1n
−
3
2 )2‖ψt3−t2 |V
s
1 ‖‖ψt2−t1 |V
s
1 ‖‖ψt1 |V
s(x).
· · · · · ·
Qℓ−1 : Nℓ−1 → Nℓ−1, such that ‖Qℓ−1 − id‖ < ǫ′, Qℓ−1|V cℓ−1 + V
u
ℓ−1 = id,
Qℓ−1(V
s
ℓ−1) = V
s
ℓ−1.
‖(
ℓ−1∏
i=1
ψti+1−ti |V
s
i ◦Qi) ◦ ψt1 |V
s(x)‖ (1)
≥ (ǫ1n
−
3
2 )ℓ−1
ℓ−1∏
i=0
‖ψti+1−ti |V
s
i ‖ (2)
≥ (ǫ1n
−
3
2 )
τ
T ′
ℓ−1∏
i=0
‖ψti+1−ti |V
s
i ‖ (3)
Denote Li,r = ψti+1−ti ◦ (id+ r(Qi− id)) for i = 1, · · · , ℓ− 1, Lr = Lℓ−1,r ◦
· · · ◦ L1,r ◦ L0,r (0 ≤ r ≤ 1).
Claim. The spectral radius of L1|V s(x) is less than (1+ δ)−τ . Otherwise, for
some r, Lr admits at least two eigenvalues with modulo in [(1+δ)
−τ , (1+δ)τ ].
By Frank’s lemma, there exists Z ∈ U2 such that ψZτ (x) = Lr, a contradiction.
Apply Frank’s lemma, there exist Z ′ ∈ U2 such that Z ′ = Y along orb(x),
ψZ
′
τ (p) = L1, V
σ
Z′(x) = V
σ(x), σ = s, c, u. Hence
‖L1|V
s(x)‖ ≤ N(1 + δ)−τ
According to inequality 1, and by T ′ >
3
2
lnn−ln ǫ1
ln(1+ 1
2
δ)
,
ℓ−1∏
i=0
‖ψti+1−ti |V
s
i ‖ ≤ N [(1 + δ)
−1(ǫ1n
−
3
2 )]−
1
T ′ < N(
1 + 12δ
1 + δ
)τ
Let λ1 =
1+ 1
2
δ
1+δ , and we are done.
Case 2 Assume dimV c(x) = 0. As in case 1, we have Qi for i = 1, · · · , ℓ− 1, such
that Qi|V ui = id, Qi(V
s
i ) = V
s
i , and ‖Qi|V
s
i − id‖ < ǫ1. Moreover,
‖(
ℓ−1∏
i=1
ψti+1−ti |V
s
i ◦Qi) ◦ ψt1 |V
s(x)‖
≥ (ǫ1n
−
3
2 )
τ
T ′
ℓ−1∏
i=0
‖ψti+1−ti |V
s
i ‖
Similarly, we have Pi for i = 1, · · · , ℓ − 1, such that Pi|V
s
i = id, Pi(V
u
i ) =
V ui , and ‖Pi|V
u
i − id‖ < ǫ1, and
‖ψ−t1 ◦ P1 ◦ · · · ◦ ψtℓ−2−tℓ−1 ◦ Pℓ−1 ◦ ψtℓ−1−tℓ |V
u(x)‖
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≥ (ǫ1n
−
3
2 )
τ
T ′
ℓ−1∏
i=0
‖ψti−ti+1 |V
u
i+1‖,
‖P−11 ◦Qi − id‖ ≤
1 + γ
γ
2ǫ1 < ǫ
′.
For 0 ≤ α ≤ 1, 0 ≤ β ≤ 1, define Li,α,β = ψti+1−ti ◦ (id + α(P
−1
i − id)) ◦
(id + β(Qi − id)).
Denote Lα,β = Lℓ−1,α,β ◦ · · · ◦ L0,α,β.
Claim. Either the spectral radius of L1,1|V s(x) is less than (1 + δ)−τ , or the
spectral radius of L1,1|V u(x) is greater than (1 + δ)τ . Otherwise some Lα,β
admits two eigenvalues (counting multiplicity) with modulo in [(1+ δ)−τ , (1+
δ)τ ]. Apply Frank’s lemma, there exists Z ∈ U2 such that ψ
Z
τ (x) has two
eigenvalues with modulo in [(1 + δ)−τ , (1 + δ)τ ], a contradiction.
By Frank’s lemma, there exists Z ′ ∈ U2, such that ψZ
′
τ (x) = L1,1, therefore
‖L1,1|V s(x)‖ ≤ N(1 + δ)−τ or ‖L
−1
1,1|V
u(x)‖ ≤ N(1 + δ)−τ .
Note that L1,1|V s(x) = (
∏ℓ−1
i=0 ψti+1−ti ◦ Qi)|V
s(x), L−11,1|V
u(x) = ψ−t1 ◦∏1
i=ℓ−1 Pi ◦ ψti−ti+1 |V
u(x).
Hence
(ǫ1n
−
3
2 )
τ
T ′
ℓ−1∏
i=0
‖ψti+1−ti |V
s
i ‖ ≤ N(1 + δ)
−τ ,
or
(ǫ1n
−
3
2 )
τ
T ′
ℓ−1∏
i=0
‖ψti−ti+1 |V
u
i+1‖ ≤ N(1 + δ)
−τ .
Let λ1 =
1+ 1
2
δ
1+δ , then
ℓ−1∏
i=0
‖ψti+1−ti |V
s
i ‖ ≤ Nλ
τ
1 ,
or
ℓ−1∏
i=0
‖ψti−ti+1 |V
u
i+1‖ ≤ Nλ
τ
1 .
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